ABSTRACT. Let n g denote the number of numerical semigroups of genus g. Bras-Amorós conjectured that n g possesses certain Fibonacci-like properties. Almost all previous attempts at proving this conjecture were based on analyzing the semigroup tree. We offer a new, simpler approach to counting numerical semigroups of a given genus. Our method gives direct constructions of families of numerical semigroups, without referring to the generators or the semigroup tree. In particular, we give an improved asymptotic lower bound for n g .
INTRODUCTION
A numerical semigroup is a subset Λ of the non-negative integers that is closed under addition, contains 0, and has finite complement in N 0 . The size of N 0 \ Λ is called the genus, denoted g = g (Λ) . The smallest nonzero element of Λ is called its multiplicity, denoted m = m(Λ). The largest element of N 0 \ Λ is called the Frobenius number, denoted f = f (Λ).
Let n g denote the number of numerical semigroups of genus g. The sequence n g appears as entry A007323 in the Sloane's On-line Encyclopedia of Integer Sequences [7] . After computing the first 50 terms of the sequence, Bras-Amorós [2] observed a Fibonacci-like behavior and made the following conjecture. Here ϕ =
1+
√ 5 2 is the golden ratio. Note that the first claim implies the second. It was also conjectured [2] that n g ≥ n g−1 + n g−2 , although we will not discuss this conjecture in this paper. It is not even known whether the sequence n g is increasing.
Almost all previous bounds on n g were obtained using the semigroup tree [3, 4, 6] . In this paper we offer a new approach to attacking the conjecture. Our method is arguably simpler than the semigroup tree method, as it provides direct constructions of numerical semigroups viewed as sets of integers, without referring to the generators.
Let F n denote the Fibonacci numbers, defined by F 1 = F 2 = 1, F n+2 = F n+1 + F n for n ≥ 1. To simplify our notation, let F n = 0 for any n ≤ 0 (though this is not the usual convention). Using the semigroup tree method, Bras-Amorós [3] showed that
improving a previous upper bound of 1 g+1 ( 2g g ) obtained using Dyck paths [5] . Recent work by Elizalde [6] improved these bounds again using the semigroup tree method. Elizalde 
In this paper, we propose a method to tackle the following stronger version of Conjecture 1.1. Conjecture 1.2. As g → ∞, n g ϕ −g converges to a finite limit.
See Table 2 and Figure 2 at [2] , we have n 50 = 101090300128, so that n 50 ϕ −50 ≈ 3.59. Thus, our numerical bound is a significant improvement over previous results, and we expect the true value lim g→∞ n g ϕ −g to be very close to our lower bound.
Let us mention as an aside that a method for computing n g was given by Blanco and Puerto [1] , who converted the problem of counting the number of numerical semigroups of a given genus and multiplicity to a problem of counting lattice points in a polytope. This gives a polynomial-time algorithm for computing n g . However, their paper did not not give bounds for n g .
The intuition behind our method is that we can enumerate numerical semigroups Λ by the "prefix" of Λ \ {0} − m(Λ). This idea was inspired by recent work on counting subsets of {0, 1, . . . , n} with a prescribed number of missing sums and missing differences [8] .
We begin with a warm-up in Section 2 where we consider numerical semigroups satisfying f < 2m. Section 3 contains the main part of our analysis, in which we count numerical semigroups satisfying f < 3m. Finally, Section 4 contains some observations on the number of numerical semigroups left out by our analysis.
NUMERICAL SEMIGROUPS WITH f < 2m
For a ≤ b, let [a, b] denote the set {a, a + 1, . . . , b}, and let [a, ∞) denote the set {a, a + 1, . . . }. The following result shows how to construct all the numerical semigroups satisfying f (Λ) < 2m(Λ). 
where S ⊂ [m + 1, 2m − 1]. 1 Elizalde's lower bound is given as n g ≥ a g , where
Expanding using partial fractions gives us a n = 1 +
Proof. Let Λ be a numerical semigroup with multiplicity m and satisfying f (Λ) Now we restrict the genus of Λ. This is equivalent to restricting the size of S in (1). To simplify notation, in this paper we treat ( 
where the sum is taken over all finitely many m for which the summand is nonzero. The last step comes from following well-known identity which can be proven easily by induction,
3. NUMERICAL SEMIGROUPS WITH f < 3m 3.1. Counting by type. Now let us consider numerical semigroups Λ with 2m(
For example,
For any set in A k , at most one element is included from {x,
Definition 3.1. Let Λ be a numerical semigroup with multiplicity m and Frobenius number f , such that 2m < f < 3m. We say that Λ has type (A; k), where k < m is a positive integer and Note that every numerical semigroup with 2m < f < 3m has a unique type (A, k),
The idea is to count numerical semigroups by their genus and type. The following result gives the construction of the family of numerical semigroups of a given type. See Figure 1 for an illustration. 
where B is any subset of Proof. This lemma is a straightforward generalization of the procedure described in Example 3. As a corollary, we obtain the number of numerical semigroups of a given type and genus. 
The last statement in the corollary follows from
Now we can give the number of numerical semigroups of a given genus and type.
Proposition 3.5. Let g and k be positive integers, and let A ∈ A k . Then the number of numerical semigroups with genus g and type (A; k) is at most F g−|(A+A)∩[0,k]|+|A|−k−1 , where equality holds if
Proof. Apply Corollary 3.4 and sum over all m > k, we see that the number of numerical semigroups with genus g and type (A; k) is exactly
If we relax the constraint m > k in the sum, then we obtain the following upper bound to (6)
where we again used (3). This proves the first part of the proposition. For the equality case, we need to show that whenever 3k
, the only positive terms in the left-hand side sum in (7) are those with m > k. Indeed, the term corresponding to m in the sum is zero unless
If the term in (7) corresponding to m is positive, then (8) and (9) would imply that
guarantees that the quantities in (6) and (7) are equal, thereby establishing a sufficient equality condition.
3.2. Asymptotics. Let t g denote the number of numerical semigroups Λ of genus g satisfying f (Λ) < 3m(Λ). Recall that n g is the number of numerical semigroups of genus g, so t g ≤ n g . Previously we found the number of numerical semigroups of a given genus and type. Now we shall sum over all the types to obtain bounds for t g .
Lemma 3.6. For any positive integer g, we have
Proof. From Proposition 2.3 we know that the number of numerical semigroups of genus g and satisfying f < 2m is exactly F g+1 . Next we consider numerical semigroups of genus g satisfying 2m < f < 3m. Suppose that 1 ≤ k ≤ g/3, and A ∈ A k , then the equality condition of Proposition 3.5 is satisfied, so that the number of numerical semigroups of type (A; k) is exactly
. Now let us sum over all (A; k) with 1 ≤ k ≤ g/3, then we obtain that the number of numerical semigroups with 2m < f < 3m is at least
The lemma then follows immediately.
Now we can deduce an asymptotic lower bound for t g .
Proposition 3.7. We have
Proof. First fix a positive integer k M . Lemma 3.6 implies that
Multiplying both sides of (11) by ϕ −g and then letting g → ∞ (note that the right hand side remains a finite sum), we get
Since k M can be chosen to be arbitrarily large, we obtain (10) by letting k M → ∞.
See Table 1 for some computed values for some partial sums for the right-hand side of (10). Based on numerical data and also some heuristic arguments, we strongly believe that this sum converges, though we currently do not have a proof. Next we give an upper bound for t g .
Lemma 3.9. For any positive integer g, we have
Proof. The argument is essentially the same as that of Lemma 3.6, except that we now use the upper bound result in Proposition 3.5. The first term on the right-hand side is the number of numerical semigroups with f < 2m. The sum is, by Proposition 3.5, an upper bound to the number of numerical semigroups with 2m < f < 3m. Note that we only need to sum up to
Lemma 3.10. We have
Proof. If Conjecture 3.8 were false and the right-hand side of (13) diverges to infinity, and then the lemma is vacuously true. So assume that the sum converges. Fix a positive integer k M . From Lemma 3.9 we obtain that
Now multiply both sides by ϕ −g and let g → ∞. We have
since the number of terms in the sum is always finite, and also
ϕ n . Combining the two statements gives us
This is true for arbitrarily large k M . Since we are in the case where we assume Conjecture 3.8, the third term in right-hand side of (14) goes to zero as k M → ∞. Therefore, letting k M → ∞, (14) implies that lim sup
Combining Proposition 3.7 and Lemma 3.10, we obtain our main result, which gives the asymptotics for t g .
Theorem 3.11. Let t g denote the number of numerical semigroups Λ of genus g that satisfy f (Λ) < 3m(Λ). Then
Using the computed values in Table 1 , we obtain the following result about the number of numerical semigroups of a given genus. Proof. The first inequality follows from n g ≥ t g , which is true by definition. For the second inequality, apply (12) with k M = 46 (see Table 1 for computed values of the sum).
Remark. The quantity k M used throughout this section can be viewed as a computation parameter that is unrelated to the genus g. We can obtain better numerical lower bounds by increasing k M , though the cost of computation increases exponentially fast with k M . In particular, the convergence rate of the right hand side of (12) as k M → ∞ is unrelated to the convergence rate of t g ϕ −g as g → ∞. In fact, we do not even know whether t g ϕ −g is increasing. In other words, our approach analyzes n g ϕ −g indirectly indexing over the types as opposed to the genus. The plot in Figure 2 illustrates that our approach for computing a lower bound to lim inf n g ϕ −g "sees further" than the actual computed values of n g or t g .
NUMERICAL SEMIGROUPS WITH f > 3m
The methods presented in the previous sections do not readily extend to analyzing the numerical semigroups Λ with f (Λ) > 3m(Λ). We were unable to construct large families (i.e., with cardinality at least cϕ g for some constant c) of such numerical semigroups as we did in Sections 2 and 3. See Table 2 and Figure 3 for some data on the proportion t g /n g of numerical semigroups of a given genus satisfying f < 3m. Based on naive extrapolation of the data assuming that t g /n g has roughly geometrically decreasing increments, we conjecture that t g /n g approaches 1 as g → ∞. In other words, we believe that the numerical semigroups satisfying f > 3m occupy an asymptotically negligible proportion of all numerical semigroups of a given genus g, for g large.
Conjecture 4.1. Let n g be the number of numerical semigroups of genus g, and t g the number of numerical semigroups Λ of genus g satisfying f (Λ) < 3m(Λ). Then t g /n g → 1 as g → ∞.
Conjecture 3.8 would imply that lim t g ϕ −g is finite, and Conjecture 4.1 would imply that lim n g ϕ −g = lim t g ϕ −g , so the two Conjectures together would imply Conjecture 1.2 and hence also Conjecture 1.1. In fact, we only need a weaker form of Conjecture 4.1 saying that t g /n g approaches some positive limit. 
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